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8 Abstract

9 A key application of pangenome graphs is the characterization of small and large genomic
10 variants represented as bubbles within the graph. Although bubbles have been extensively stud-
1 ied in directed graphs in the context of genome assembly, there remains a need for a rigorous
12 definition and systematic analysis of bubbles in bidirected graphs, which is the predominant data
13 structure used to represent pangenomes. We show that existing bubble definitions for bidirected
14 graphs do not fully meet the requirements for representing genetic sites and alleles; in particular,
15 overlapping bubbles may not exhibit strict nesting. To address this, we introduce a new sub-
16 graph abstraction called panbubble and prove that it satisfies the desired structural properties for
1 variant characterization. We then present an exact algorithm with runtime O(|V|?(|V| + |E|))
18 for detecting all panbubbles in a bidirected graph G = (V, E). In addition, we propose a heuristic
19 algorithm that produces identical output as the exact algorithm in practice and scales to large
2 graphs, including both the first and second releases of the Human Pangenome Reference Consor-
21 tium (HPRC). We implemented our algorithms in the tool Billi (github.com/at-cg/billi). On
2 our largest dataset, Billi is more than 15X faster and uses over 5x less memory than VG.
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» 1 Introduction

2 Pangenome graphs provide a flexible framework for representing complex structural variations, including
55 cases where smaller variations are nested within larger ones [1, 3, 14, 26, 27]. Unlike conventional variant
»% calling methods, variant discovery in pangenome graphs does not use a single reference genome coordinate
z system. A key computational challenge in this setting is the identification of bubbles, which are substructures
5 in the graph that likely correspond to genomic variation. Informally, a bubble is a region where multiple
2 paths diverge from a common source vertex and subsequently reconverge at a common sink vertex. The
s concept of bubbles and efficient algorithms for their detection have been extensively studied in the context
s of genome assembly [2, 11, 23, 28]; however, these studies typically assume a directed graph representation.
» In contrast, pangenome graph construction tools [10, 12, 19, 20] employ bidirected graphs [9] to represent
13 double-stranded DNA.

3 Previous efforts [8, 20, 22, 24] to generalize the concept of bubbles to bidirected graphs build upon the
55 notion of the superbubble, first introduced and formally defined in [23]. Superbubble is an important class
ss  of subgraphs in directed graphs, originally motivated by the goal of simplifying genome assembly graphs.
37 This concept enables the identification of substructures within an assembly graph that arise from sequencing
;s errors, heterozygous variants, and near-identical repeats. In their work, Onodera et al. [23] precisely defined
3 the conditions under which a pair of distinct vertices s and ¢ can serve as the source and sink of a superbubble,
w0 respectively. Specifically, the enclosed superbubble subgraph B must be acyclic; there must be no edge from
o a vertex outside B to any vertex in B\ {s}; and no edge from a vertex in B\ {t} to a vertex outside B.
22 Superbubbles exhibit elegant structural properties. For instance, the subgraphs of two superbubbles are
.3 either disjoint or strictly nested, and every vertex within a superbubble lies on some source-sink path.

2 In pangenome graphs, cyclic subgraphs are of particular interest because genomic rearrangements such
s as inversions and duplications give rise to paths that loop back. Several generalizations of the superbubble
s concept have been proposed for bidirected graphs, including snarl [24], bibubble [20], and flubble [22]. These
. formulations relax the acyclicity constraint, enabling the representation of more complex graph structures.
s  However, they do not fully preserve all properties of superbubbles. For instance, snarls and flubbles may
w0 contain vertices that are not part of any source-sink walk (Supplementary Figure S2). Moreover, it is possible
so that a pair of snarls, bibubbles, or flubbles in a bidirected graph overlap without being strictly nested
st (Supplementary Figure S3). This can introduce ambiguity in delineating regions corresponding to genomic
2 variation. Although overlapping subgraphs can be filtered using some heuristic to enforce disjointness, this
53 approach risks missing genuine variation.

54 In this paper, we extend the superbubble framework [23] to bidirected graphs while preserving key
ss  structural properties and accommodating cyclic subgraphs. Our main contributions are as follows:

56 e We introduce a subgraph abstraction called panbubble. This is inspired by the superbubble concept
57 but adapted to bidirected graphs. We also define hairpin, a related substructure that corresponds to
58 inversions [22].

50 e We give formal proofs showing that panbubbles and hairpins exhibit the intended nesting behavior.

60 e We present an O(|V|*(|V| + |E|))-time algorithm for finding all panbubbles and hairpins. We also
o1 propose a faster O(|V|(|V] + |E|))-time heuristic algorithm that yields identical results as our exact
62 algorithm on the test datasets. We implemented both algorithms in our tool Billi.

63 e Billi processes the largest publicly available human pangenome graph, containing over a hundred
64 million vertices, in under 75 minutes and with 90 GB of memory. In comparison, computing snarls
6 using VG on this graph required approximately 20 hours and 500 GB of memory.

66 e We compare the identified panbubbles with snarls and bibubbles on several pangenome graphs, and
67 observe strong overall agreement. Through Bandage [30] visualizations, we show that the observed
68 differences arise because prior bubble definitions do not comply with all conditions of panbubble.
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« 2 Notations and problem statement

o Biedged graph. Bidirected graphs are widely used in genomics because they offer a convenient way to
n  represent adjacency relationships between DNA sequences, while allowing traversal of a sequence in both
7 forward and reverse orientations. In this study, we adopt the biedged graph representation of bidirected
1z graphs, following the approach of previous works [20, 24]. A biedged graph G, = (Vj, Eyp, fp) is an undirected,
n colored multigraph subject to the following three constraints.

75 e Function f, : E, — {gray,black} assigns either gray or black color to each edge.

7 e Every vertex of the graph is incident with exactly one black edge.

7 e Between any two vertices (which may be identical), there can be at most one gray edge.

78 We call two vertices u,v € V}, (u # v) adjacent if they are connected by at least one edge of any color.

7 With the above definition, observe that adjacent vertices u and v can have either (i) one gray edge, (ii)
s one black edge, or (iii) one black and one gray edge between them (Figures 1 and 2A). For every vertex
s v € Vp, we use 0 to denote the neighbor vertex of v connected using a black edge. We denote the black
s edge incident to v as e,. Clearly, e, = e; for all v € V;,. In genome sequence analysis applications where
ss  the biedged (or equivalently, bidirected) graph representation is used, each black edge is typically annotated
e with a DNA sequence. In any walk that traverses a black edge e,, the order in which vertices v and v are
s visited determines the orientation (forward or reverse complement) in which the sequence label of e, is to
s be read. In this work, we omit these sequence labels and focus solely on the underlying graph topology.

87 The notion of a walk in a biedged graph deviates from the standard definition of walks in undirected
s graphs. A sequence of vertices (vg,v1,...,v,) with n > 1is a walk in a biedged graph if (a) for all 1 <i <mn,
s there exists an edge between v;_1 and v;, (b) the walk starts and ends using black edges, that is, v1 = 9y and
w Vp = Un—1, and (c) the entire walk alternates between black and gray edges. For example, vertex sequence
o (vg,v1,v2,v3,v4,v5) in Figure 1 forms a valid walk. On the other hand, the vertex sequence (vg, vy, vg, V2, v3)
o is not a walk because it contains two consecutive gray edges. Note that if vertex v appears in a walk, then

03 its neighbor vertex © must also appear in that walk. Due to symmetry, (v,,vn_1,...,v1,00) is a walk if
wu  (Vo,V1,...,Up1,0p) is a walk.

o Considering any u,v € Vj, we say that v is reachable from wu if v appears in some walk starting from
o u. Note that the set of vertices reachable from u always includes v and @ because (u,u) is a valid walk.
o We say that a walk (vg,v1,...,0,—_1,v,) passes through v; for all 1 < i < n — 1. Given any three vertices

e u,v,w € Vp, v is said to be reachable from u without passing through w if v appears in some walk starting
o0 from u and that walk does not pass through w. We call a vertex not incident with a gray edge a tip.

100 Two vertex-disjoint subgraphs of a biedged graph are said to be disconnected in the usual sense, that
w18, if there exists neither black edge nor gray edge that has one endpoint in the first subgraph and the
102 other endpoint in the second subgraph. Unless a biedged graph has two or more disconnected subgraphs,
03 it is said to be connected. A walk (vo,v1,...,Vn—1,v,) with n > 3 is called a closed walk if v,—1 = vy
e and v, = vy. Similarly, a walk (vg,v1,...,Vn—1,v,) With n > 3 is an inverted closed walk if v,—1 = v1
s and v, = vg. For example, in Figure 1, the vertex sequence (vs, vy, V12, V13, V11, V10, Vs, Ug) is a closed walk,
s whereas (va, U3, Vg, U5, U3, v2) is an inverted closed walk.

1w  Compact biedged graph. The process of compacting long non-branching paths into single vertices is a
1s  common data reduction step in graph-based sequence analysis. In the context of a biedged graph G, =
w  (Vi, Eb, f3), & compaction operation is defined as follows. Consider two vertices u,v € Vj, with u # v and
uw  w # 0. uand v are said to be compactable if (i) they are connected to each other by a gray edge, (ii) the
w number of gray edges incident to u is one, and (iii) the number of gray edges incident to v is one. The
12 compaction operation on a compactable vertex pair (u,v) adds a black edge between @ and @, and then
us  removes u and v from the graph along with all the edges incident to u or v. The resulting graph is a biedged
us  graph with two fewer edges and two fewer vertices. A compact biedged graph is obtained by applying
us compaction operations as many times as possible in any order on the given biedged graph.

116 We next introduce the concepts of hairpin and panbubble, which will be useful to characterize genomic
u7  variation in pangenome graphs.
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Figure 1: Hairpin (vs) is highlighted in a blue box. Panbubble (v14,vs3) is highlighted in a red box. The
blue box encloses all vertices in the set Y (vg) \ {v2}. The red box encloses all vertices in the set B(v14, va3).
Note that vertex pairs (vg, v7) and (vg,v15) do not qualify as panbubble entrances because vertex vq violates
the no-hairpin condition and vertex vg violates the contiguity condition, respectively.

us  Definition (Hairpin). Given a compact biedged graph G, = (V4, Ep, f3), let the set of vertices reachable
uo  from vertex s € Vj, without passing through s be denoted by Y(s). A hairpin is said to exist at vertex s if
o (i) every vertex v € Y(s) appears in an inverted closed walk starting from s, (ii) removal of all the edges
=1 connecting s and § separates the subgraph induced by Y (s) \ {s} from the rest of the graph, and (iii) no
122 vertex in Y'(s) other than s satisfies these conditions. The separable subgraph induced by Y'(s)\ {s} is called
123 a hairpin.

e For any vertex s that satisfies the above conditions, we refer to s and e; as the entrance verter and the
s entrance edge of the hairpin, respectively. The hairpin is denoted by (s).

s Definition (Panbubble). A panbubble exists between two vertices s and ¢ (s # t and s # ) in a compact
w7 biedged graph Gy = (Vy, Ey, fp) if all the following conditions hold:

128 e matching: Let U(s,t) denote the set of vertices reachable from s without passing through s or t.
129 Analogously, define U(t, s) as the set of vertices reachable from ¢ without passing through ¢ or s. The
130 matching condition requires that U(s,t) = U(t, s).

3 e separable: Define B(s,t) as U(s,t)\ {s,t}. If black edges e and e; are removed, the subgraph induced
132 by B(s,t) is disconnected from the rest of the graph.

133 e contiguity: Every vertex v € U(s,t) appears on at least one walk from s to ¢.

134 e no-hairpin: No vertex in B(s,t) \ {,} is an entrance vertex of a hairpin.

135 e minimality: No vertex in U(s,t) other than ¢t forms a pair with s and satisfies the above criteria.
136 Similarly, no vertex in U(s,t) other than s forms a pair with ¢ and satisfies the above criteria.

w The separable subgraph induced by B(s,t) is called a panbubble. For any set of two vertices {s,¢} that
s satisfies these criteria, we denote the panbubble as (s, t) (or equivalently (¢, s)). In a panbubble (s, t), s and
1ot are called entrance vertices, and the edges es and e; are called entrance edges. Note that the entrance
uo vertices s,t and the entrance edges ez, e; do not belong to the panbubble itself, i.e., they are not part of
w1 the subgraph induced by B(s,t). See Figure 1 for an example. In this paper, we seek to solve the following
12 problem:

w3 Problem statement. Given a compact biedged graph Gy = (Vy, Ey, fp), (i) list the entrance vertex pairs
1 of every panbubble in Gy, and (ii) list the entrance vertices of every hairpin in Gy.

« 3 Properties of panbubbles and hairpins

s In this section, we outline key properties of panbubbles and hairpins, including their possible nesting rela-
w7 tionships. These properties will also guide the design of our detection algorithms. For brevity, proofs of all
us claims in this paper are provided in the Supplementary Document.
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w Lemma 1. In a compact biedged graph Gy = (Vy, Ey, fv), the number of distinct panbubbles can be at most
w0 |Vp/2|. The number of distinct hairpins can be at most |V3|.

151 A valid walk in a biedged graph cannot traverse two gray edges consecutively, which limits the applicability
12 of standard graph-theoretic techniques. To address this limitation, we construct an auxiliary undirected
153 multigraph derived from Gy, in which edge colors are ignored and the walk constraints are relaxed.

152 Construction of an auxiliary undirected multigraph. We define our auxiliary undirected multigraph
s Gy = (Vy,Ey) as follows. We assume that G is connected (if not, each connected component can be
15 handled independently). First, we copy all the edges and the vertices of Gy, into Gyy. Note that tips in Gy
157 correspond to vertices that have degree one in Gyy. We assume that G, contains at least one tip*, and hence,
158 Gy has at least one degree-one vertex. Next, we introduce one more vertex vy, in Gy, and we connect vgy..
150 to all degree-one vertices (Figures 2A, 2B). For every vertex v of Gy, we denote the corresponding vertex
w in Gy by ©. Vertex ¥ in Gy corresponds to ¢ in Gyr. The edge of Gy corresponding to a black edge e, in
11 the biedged graph is denoted by €,. Next, for every vertex v of Gy, we ensure that the first vertex in the
w2 adjacency list of vertex © in Gy is 0. We do this to guarantee that every edge in Gy derived from a black
163 edge in Gy appears as a tree edge, rather than a back edge, in any depth-first traversal of Gy .

1« Unlike biedged graphs, a walk in Gy is defined in the usual sense, that is, a sequence of vertices (vo, eg, v1
165 ,€1,V2,...,6nh_1,Vy) withn > 1is awalk in Gy if edge e; connects the vertices v; and v; 41 for all0 <4 < n—1.
1w Walk (v, eq,v1,€1,02,...,€,_1,0,) passes through vertices vi,vs,...,v,_1. A vertex is reachable from
w7 v € Vy if it appears in some walk starting from v. Path and cycle in Gy are also defined in the usual sense.
s A path is a walk whose vertices are distinct. A cycle in Gy is a closed path that starts and ends at the same
1o vertex. We do not consider a self-loop as a cycle.

170 Let T,,.,. be the spanning tree obtained by a depth-first traversal of Gy starting from wvs,.. Through this
m  traversal, the edge set Ey is partitioned into a set of tree edges and a set of back edges (Figure 2C). Tree
w2 Ty, introduces a partial order < over the vertices in Gy. For v1, vy € Vi, v1 < vq if and only if (i) v1 # va,
s (ii) v; and ve belong to a root-leaf path in T, ., and (iii) v; appears before vy in that path from root to
e leaf. Similarly, for e1,es € Eyy, €1 < eg if and only if (i) e; # e2 , (ii) e; and ez belong to a root-leaf path in
ws Ty, and (iii) ep is traversed before es in that path from root to leaf. A vertex w in Vi is called an ancestor
ws of a tree edge e = {u, v} with u < v if either w = u or w < u. Similarly, w is a descendant of edge e if either
1w w =wv or v < w. Next, we define the notion of bracket set and cycle equivalence.

ws  Definition (Bracket Set). A bracket of a tree edge e in Gy is a back edge connecting a descendant of e
19 to an ancestor of e. The bracket set of e is the set of all brackets of e.

10 Definition (Cycle-equivalent, Cycle-equivalence classes). Edges e; and es are cycle-equivalent in Gy
w1 if every cycle in Gy contains either both edges or neither edge. The cycle-equivalence class of an edge e in
12 Gy is the set of all edges that are cycle-equivalent to e.

183 We now describe key properties of panbubbles. For every panbubble (s,¢) in Gy, the vertices in Gy
e derived from s, §,t,¢ lie along a single root-leaf path of tree T, in a specific order (Lemma 2). The
185 separable condition of (s,t) further implies that edges €5 and é; must be cycle-equivalent (Lemma 3). If
s we extract the subgraph of Gy, corresponding to panbubble (s, t) along with its entrance vertices and edges,
17 then every internal black edge connects one endpoint that has a walk to s and the other that has a walk to ¢
s (Lemma 4). Furthermore, the no-hairpin condition of (s,t) ensures that no vertex v within a panbubble has
19 a corresponding black edge €, in Gy with an empty bracket set, where €, does not share a common root-leaf
wo path with € and &; (Lemma 5).

o Lemma 2. For every panbubble (s,t) in G, either s <3 <t <t ort <t <3§=<5inGy.
12 Lemma 3. For every panbubble (s,t) in Gy, edges €5 and e, are cycle equivalent in Gy .

103 Lemma 4. Suppose (s,t) is a panbubble in Gy. Consider walks in Gy that do not pass through s or t. For
e every vertex u € U(s,t), there exist such walks from s to 4 and from u to t, or there exist such walks from s
w5 to u and from 4 to t.

*In practice, pangenome graphs without tips are rare. Relaxing this assumption is left for future work.
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Figure 2: (A) Compact biedged graph Gj. (B) The corresponding undirected multigraph Gy. (C) Parti-
tioning of edges in Gy into a set of tree edges and a set of back edges using DFS starting from vertex vgc.

ws  Lemma 5. In a panbubble (s,t) in Gy, there does not exist any vertex v € B(s,t) \ {5,1} such that, in Gy,
v (a) edge &, has an empty bracket set or contains only a single back edge {v,0} and (b) neither €; < &, < &
198 NOT €3 < €, < €g.

199 Next, Theorem 1 states that the above conditions are both necessary and sufficient for a subgraph of G,
20 to represent a valid panbubble. We omit the minimality constraint here because it will be enforced in our
20 algorithm separately by processing candidate vertex pairs in a suitably chosen order.

22 Theorem 1. A vertex pair s,t € Vi, satisfies all the panbubble conditions (excluding minimality) if and only
203 if all the following conditions hold:

204 1. Bither5 <5<t <t ort<i<3<35inGyp,

205 2. Edges é5 and &; are cycle equivalent in Gy,

206 3. Consider walks in Gy that do not pass through s or t. For all vertices u € U(s,t) UU(t,s), there exist
207 such walks from s to & and from u to t, or there exist such walks from s to w and from 4 to t.

208 4. There is no vertex v € B(s,t)\{3,} such that, in Gy, (a) edge &, has an empty bracket set or contains
209 only a single back edge {v,9} and (b) neither €; < €, < & nor & < €, < &s.

210 Similarly, we state necessary and sufficient conditions for a subgraph of G} to represent a valid hairpin.

an Theorem 2. A vertex s is an entrance vertex of a hairpin in Gy if and only if all the following hold:

212 1. The bracket set of edge €, in Gy is either empty or contains a single back edge connecting 5 and 5.
213 2. There does not exist any vertex v € V;, \ {8} which satisfies the above condition while also satisfying
214 s<7vinGy.

215 3. Consider walks in Gy that do not pass through s. For all vertices u € Y (s), there exist such walks from
216 s to uw and from s to u.

a7 INested relationships between panbubbles and hairpins. Pangenome graphs inherently support nested
zs variation, as illustrated in Figure 3. We characterize the conditions under which the subgraphs of G,
a0 representing (i) two distinet hairpins, (ii) two distinct panbubbles, and (iii) a hairpin and a panbubble, may
20 share a vertex. We first prove that if two panbubbles share a vertex, one must be fully contained within
o the other (Theorem 3). A panbubble and a hairpin can share a vertex only if the panbubble is completely
22 contained in the hairpin (Theorem 4). Finally, two distinct hairpins can never share a vertex (Theorem 5).
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23 Theorem 3. Let (z,y) and (m,n) be two different panbubbles such that B(x,y) N B(m,n) # ¢, then either
2 B(x,y) is a strict subset of B(m,n) or B(m,n) is a strict subset of B(x,y).

»s  Theorem 4. Let (z,y) and (z) be a panbubble and a hairpin respectively in Gy such that B(x,y) N (Y (z) \
2 {z}) # ¢, then B(x,y) is a strict subset of Y (z) \ {z}.

27 Theorem 5. Let (m) and (n) be two distinct hairpins in Gy. Then, the two hairpins do not share any
s verter, i.e., (Y (m)\ {m})N(Y(n)\ {n}) is an empty set.

vy V13 V14

—eo e6—0 06— o0

v4 o—°
9 V17 V18

vy *—o

U1 *—e
U5I Ivg .\. Vg V10 V11 V12 V15 Vg V19 VU2

Figure 3: An example illustrating various forms of nested relationships between panbubbles and hairpins.
Three red boxes and one blue box are used to highlight three panbubbles and one hairpin, respectively.
Panbubble (v11,v16) is nested within panbubble (vg, v99). Panbubble (vq, vs) is nested within hairpin (vig).

» 4 Proposed algorithms to detect panbubbles and hairpins

x 4.1 Verifying a candidate panbubble entrance vertex pair

n Notations and assumptions. Suppose we have a candidate vertex pair (s,t) in Gy for evaluation. We
22 assume that preprocessing has already confirmed that (s,t) satisfies the first and the second condition in
23 Theorem 1. Details of this preprocessing will be discussed later in Section 4.3. We also assume that the
2u following arrays have been precomputed:

235 e Boolean array Apriqge of size |V;| such that Aprigge[v] = 1 if and only if the bracket set of edge €, is
236 either empty or it contains only a single back edge {v,7}.

237 o Recall that we obtained spanning tree T, via a depth-first traversal of Gy;. Assume that arrays Ay
238 and Ay record the discovery times and the finishing times of all vertices in Gy, respectively. These
239 arrays allow efficient checks of the ancestor-descendant relationships among vertices and edges in 75,

20 Algorithm. We need to check for the third and fourth condition in Theorem 1. While evaluating a vertex
21 pair (s,t) in Gy, we use two boolean arrays Wy and Wy, each of size |V;|. Array W, would be used to mark
22 those vertices that have walks originating from them to vertex s without passing through s or ¢. Similarly,
23 array W; would be used to mark those vertices that have walks originating from them to vertex ¢ without
e passing through s or t.

25 We initialize arrays Wy and W; with zeroes. First, we do a depth-first traversal starting from vertex s in
xus (. During this traversal, we visit all vertices that are reachable from s without passing through s or ¢. We
27 customize the standard depth-first traversal slightly to account for the walk restrictions in G. Consider a
us  single iteration of the depth-first traversal. Suppose the current vertex is u € V3. We perform the following
uo operations: (i) Mark u as visited, (ii) Update W[a] to 1, and (iii) If u # § and u # £, we recursively visit
0 every unvisited neighbor of 4. After completion of the traversal, we repeat the same traversal starting from
1 vertex t to compute array W;. Subsequently, we declare vertex pair s,t as satisfying all the conditions of a
»2  panbubble (excluding minimality) if both the following conditions are satisfied: (a) For all u € V},, we require
w3 Wilu] = Wila] = 1 or Wi[a] = Wiu] = 1 or Wilu] = Wi[u] = Weu] = Wi[a] = 0, and (b) There does not
2 exist any vertex v € V4 such that (i) Ws[v] or W[0] = 1, (ii) Apridge[v] = 1, and (iii) tree edges €, €,, & do
x5 not share a root-leaf path in T, .
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» 4.2 Verifying a candidate hairpin entrance vertex

7 Suppose we have a candidate vertex s in Gy, for evaluation. We will reuse the precomputed arrays Apridgge,
w8 Ag, and Ay defined above. We need to check for the three conditions in Theorem 2. While evaluating s,
0 we allocate a boolean array W of size |V;|, initialized with zeroes. Array W will be used to mark those
%0 vertices that have walks originating from them to s without passing through s. To compute this array, we
s follow the depth-first traversal procedure customized for Gy starting from vertex s. During this traversal,
% we visit all vertices that are reachable from s without passing through s. Consider a single iteration of the
»%3  traversal. Suppose the current vertex is u € Vj,. We perform the following operations: (i) Mark w as visited,
e (ii) Update W[d] to 1, and (iii) If u # §, we recursively visit every unvisited neighbor of @. After finishing the
%5 traversal, we declare vertex s as the entrance vertex of a hairpin if all the following conditions are satisfied:
26 (a) Apridge[s] = 1, (b) There does not exist any vertex v € V;, \ {5} such that Apriqge[v] = 1 and 5 < v in
Gy, and (c) For all u € V3, we require either Wu] = W[a] =1 or Wu] = W(a] = 0.

w 4.3 Complete algorithms

%0 We first construct the undirected multigraph Gy from the compact biedged graph Gj (Section 3). We
a0 perform a depth-first traversal of Gy starting from v, to obtain the spanning tree T, , along with arrays
o Aq and Ay. To compute array Apridge, we remove self-loops and parallel edges in Gy and use Tarjan’s
o linear-time bridge-finding algorithm [29)].

a3 Detection of panbubbles (exact algorithm). We partition edges of Gy into cycle-equivalent classes
o by using the linear-time algorithm of Johnson et al. [13]. Next, suppose C1,Cs,...,Cy are all the cycle-
25 equivalent classes. We process these classes one by one. Suppose the class being processed currently is C,,
a1 < p < k. Suppose ej,es,...,e, are all the distinct black edges in G}, whose corresponding edges in Gy
a7 belong to class C),. We order these edges such that é; < e; implies ¢ < j. The ordering of edges can be
s enforced through a level order traversal of 1), .. Using a pair of nested for loops, we test the following for
o all 1 <4< j<mn: (i) whether e; < e; holds, and (ii) whether the vertex pair (v;,v;) satisfies the necessary
20 checks discussed in Section 4.1, assuming e; = {v;,9;} with v; < 0; and e; = {v;,0;} with 0; < v;. The
21 outer loop iterates over 4 from 1 to n — 1, and the inner loop iterates over j from ¢ + 1 to n. To enforce the
22 minimality condition, we terminate the inner loop early if a panbubble is detected.

23 Detection of panbubbles (heuristic algorithm). We follow that same procedure as the exact algorithm,
s except that in the inner loop we restrict consideration to the first edge ef such that e; < eg, i.e., the edge
s with the smallest index k satisfying this condition. The remaining edges are not considered inside the inner
255 loop. This design choice is based on our empirical finding that panbubbles rarely include internal edges that
27 are cycle-equivalent to their entrance edges in Gy. However, adversarial cases exist where this assumption
28 fails (Supplementary Figure S4).

20 Detection of hairpins (exact algorithm). We iterate over all vertices v € V;, and check whether vertex
20 v satisfies the necessary checks discussed in Section 4.2. This procedure can be paired with either the exact
201 or heuristic panbubble-detection algorithm.

20 The following theorem states the runtimes of our algorithms.

23 Theorem 6. Given a compact biedged graph Gy, = (Vi Ey, fp), the entrance vertices of all panbubbles and
e hairpins can be enumerated ezactly in O(|Vy|?(|Vs|+|Eb|)) time. In contrast, the heuristic algorithm performs
25 the same task in O(|Vu|(|Vs| + | Ep|)) time.

» D5 Experiments

27 Experimental setup. We refer to the implementations of our exact and heuristic algorithms as Billi-exact
s and Billi-heuristic, respectively. Note that both exact and heuristic implementations employ different
200 algorithms for computing panbubbles; however, the computation of hairpins is performed in the same way.
w0 We compare the performance of Billi with Pangene [20] and VG [24], which compute bibubbles and snarls,
sn respectively. We skip comparing with Povu [22] because it did not support graphs with non-numeric vertex
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Graph Before compaction After compaction # Components URL
# Vertices # Edges # Vertices # Edges
G1 36 66 36 42 1 17
G2 2,136 4,060 2,136 2,564 1 18
G3 26,018 51,875 12,344 18,769 22 15
G4 38,082 63,925 4,162 7,664 1 16
GbH 3,351,876 3,984,038 3,182,154 3,814,316 1 (5]
G6 10,434,952 12,437,642 10,268,330 12,271,020 1 6]
G7 185,759,160 221,045,345 183,119,402 218,405,587 25 [4]
G8 296,566,820 354,315,094 291,459,944 349,208,218 25 [7]

Table 1: Sizes of the biedged pangenome graphs used in our benchmark.

s IDs. All our experiments were done on a dual-socket Intel Xeon Gold 6248R, server with 2x24 cores and
3 750 GB RAM. Among the three tools, only VG supports multi-threading. Accordingly, Billi and Pangene
s were run using a single thread, and VG was run using 48 threads. Our commands and the tool versions are
s available in Supplementary Table S1.

0 Datasets. We used eight publicly available pangenome graphs of varying sizes. For each graph, we report
sr  the number of vertices, edges, and connected components under the biedged graph representation in Table 1.
s Since Billi requires compact biedged graphs as input, it performs graph compaction as a preprocessing step.
w0 We also list the sizes of the resulting compacted graphs in Table 1. The first two graphs G1 and G2 are
s pangenome graphs constructed by minigraph [19] using 90 C4A/C4B haplotypes and 57 MHC haplotypes,
su  respectively. The next two graphs G3 and G4 are gene graphs constructed using pangene [20]. Graph G3 was
sz constructed using 50 E. coli genomes, whereas graph G4 was constructed using 100 human haplotypes and
a3 10 great ape haplotypes [20]. Graphs G7 and G8 are the first and second releases of the human pangenome
s graphs by the Human Pangenome Research Consortium (HPRC) [21]. These graphs were constructed using
a5 94 and 466 assembled human haplotypes, respectively. Graphs G5 and G6 are subgraphs of G8 corresponding
a6 to chromosomes Y and X, respectively.

a7 Results. We show the count of bubbles reported by all tools in Table 2. We also report the counts of hairpins
ss  identified by Billi. Billi-exact and Pangene were unable to process the larger graphs G6-G8. Nevertheless,
n0 on the first five graphs (G1-G5), we observe good agreement among the tools. Notably, Billi-exact and
30 Billi-heuristic produced identical output. This implies panbubbles tend to occur within the closest pair
s of cycle equivalent edges under the < ordering (Section 4.3). We also observe that the number of snarls
2 reported by VG is either greater than or equal to the count of panbubbles identified by Billi, whereas the
33 bibubble counts produced by Pangene are generally lower. Figure 4 presents Venn diagrams illustrating the
a4 concordance among the tools for graphs G3, G4, and G5.

35 By definition, a snarl is characterized only by separability and minimality [24]. Figure 5A illustrates a
26 case in which a snarl includes vertices that do not lie on any walk from the source vertex (ID: 208092098) to
w2r  the sink vertex (ID: 208092203). Because panbubbles satisfy stricter criteria, the set of panbubbles detected
2 by Billi is expected to be a subset of snarls. However, graph G4 presents an exception. It contains 7
20 panbubbles that were not reported as snarls by VG (Figure 4). We further checked and found that these
a0 subgraphs agree with the formal definition of a snarl. Supplementary Figure S5 provides visualizations of two
sn such instances. On the other hand, Pangene [20] employs a heuristic implementation that checks every pair
3 of cycle-equivalent edges within a default distance of 100; this occasionally causes it to miss some bibubbles.
33 Furthermore, in graph G4, Pangene and VG identify three bubbles that Billi does not report. A closer
134 inspection revealed that these subgraphs contain hairpins (see Figure 5B for an example). Billi reports such
135 hairpins separately (Table 2). One key difference between the bibubble and panbubble formulations is that
3 panbubbles, by definition, do not contain hairpins. Allowing hairpins would break the guaranteed nesting
s structure among overlapping panbubbles (Theorem 3).
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# Bubbles # Hairpins
Graph  gijji exact Billi-heuristic VG  Pangene Billi
(panbubble) (panbubble) (snarl)  (bibubble)
G1 4 4 4 4 0
G2 376 376 376 374 0
G3 403 403 422 400 1
G4 409 409 412 398 7
G5 372,720 372,720 372,720 369,533 0
G6 - 1,649,626 1,649,630 - 2
a7 — 29.322,731 29,322,761 — 1
Gs - 146,260,770 46,260,820 - 6

Table 2: The number of bubbles reported by Billi, VG, and Pangene. ‘~’ symbol indicates that the tool
either crashed or did not finish in 24 hours.

0 VG [ Pangene 1 Billi-exact Billi-heuristic

Figure 4: A multi-layer Venn diagram to indicate the count of bubbles detected in pangenome graphs
G3 — G5. The figure quantifies the degree of overlap among the four bubble detection methods.

B)

/ INTS6L

208092098 S
Hairpin
SMIM10

208092203

Figure 5: Bandage visualization of two subgraphs. (A) VG marked a snarl in graph G6 that is not a
panbubble. (B) Pangene identified a bibubble containing a hairpin in graph G4.
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338 Table 3 summarizes the runtime and memory usage of all tools. Among the evaluated methods, Billi-
30 heuristic demonstrates the best performance in both runtime and memory footprint. In contrast, Billi-exact
o fails to complete on graphs G6-G8. The size of the largest cycle-equivalent class increases dramatically from
s G5 (125,267) to G6 (1,390,824). This makes our exact algorithm prohibitively slow. In practice, bubbles are
s significantly smaller than the full pangenome graph (Supplementary Table S2), which benefits our heuristic
a3 algorithm. Billi-heuristic processed the largest graph G8 within 75 minutes, whereas other methods either
s took significantly longer or did not finish.

Graph Runtime (sec) Peak memory (MB)

Billi-exact Billi-heuristic VG Pangene Billi-exact Billi-heuristic VG Pangene
G1 0.1 0.1 0.1 0.3 3 3 36.9 16.6
G2 0.1 0.1 0.1 0.2 4 3.9 221.7 27.4
G3 0.2 0.1 0.3 0.7 10 9.9 195.4 78.4
G4 0.2 0.2 0.6 1.3 10.8 10.8 285.9 144.8
G5 12.6 8.6 31.3 209.8 1,236 1,235 2,173 8,465
G6 — 120 216 — — 4,179 16,894 —
a7 - 804 1,710 - - 55,404 160,800 -
G8 — 4,284 70,164 — — 86,579 490,983.7 —

Table 3: The runtime and peak memory required by various tools. ‘-’ symbol indicates that the tool either

crashed or did not finish in 24 hours. Best numbers are highlighted in bold.

« 6 Conclusions and future work

us In this work, we presented new subgraph formulations, called panbubble and hairpin, for bidirected graphs
w7 that address the key points that must be respected when feeding these bubble boundaries to a variant caller.
us  Building on these definitions, we then developed Billi, a tool that quickly identifies these structures in large
us  pangenome graphs with hundreds of millions of vertices. As pangenome graphs continue to grow, our results
o offer a practical and robust algorithmic foundation for discovering novel genomic variation at scale.

351 Several research directions emerge from this work. First, it remains an open question whether panbubbles
2  and hairpins can be detected using a faster, linear-time algorithm. Second, our current algorithms assume
553 that the input graph contains a degree-one vertex or tip (Section 3). We leveraged this property in our
s proofs because such vertices are guaranteed not to lie within a panbubble or hairpin, and these vertices serve
s as a natural entry point for graph traversal. While the assumption holds for most pangenome graphs, we
16 encountered one graph in the Pangene study [20] that has a component with no tips. This case suggests that
7 relaxing the no-tip assumption will be important in the future. A third direction is to investigate how the
s number and structure of panbubbles evolve as additional haplotypes are augmented into a pangenome graph.
0 Lastly, integrating panbubble and hairpin detection with pangenome-based variant calling or genotyping
w0 methods may improve accuracy and offer new biological insights.

361 Beyond pangenomics, Billi may also be relevant for de novo assembly workflows because modern assem-
2 blers represent unitig and contig overlaps using bidirected graphs. Detecting panbubbles and hairpins can
%3 be useful to isolate subgraphs that require further attention.
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