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A Properties of panbubbles and hairpins: full exposition10

Proof of Lemma 111

Lemma A.1. A vertex can be the entrance vertex for at most one panbubble.12

Proof. Proof by contradiction. Suppose there exist two distinct panbubbles hs, t1i, hs, t2i, t1 6= t2.13

If t2 2 U(s, t1), then t2 is also in B(s, t1). However, this contradicts the minimality condition for hs, t1i.14

Similarly, t1 being a vertex in U(s, t2) also results in a contradiction.15

Now suppose that t2 /2 U(s, t1). Since t2 2 U(s, t2), t2 is reachable from s using some walk that does not16

pass through s or t2 (from the definition of U(s, t2)). This means there exists a walk ! between s and t2 in17

which both s and t2 appear only once. Because t2 appears in !, it is correct to state that not all vertices in18

walk ! belong to U(s, t1). Consider the ordered list of the vertices in walk ! starting from vertex s. Observe19

that the vertex just before the first vertex in ! that is not in U(s, t1) must be either s or t1. But s cannot20

appear twice in !, so it must be t1. But the appearance of t1 in ! implies that t1 is in U(s, t2), which violates21

the first half of the argument.22

Lemma 1. In a compact biedged graph Gb = (Vb, Eb, fb), the number of distinct panbubbles can be at most23

|Vb/2|. The number of distinct hairpins can be at most |Vb|.24

Proof. A vertex cannot be the entrance vertex for two di↵erent panbubbles (Lemma A.1), so each entrance25

is unique. In a compact biedged graph, there are |Vb| vertices, but each panbubble is defined by two entrance26

vertices, so the number of panbubbles can be at most |Vb/2|.27

Since hairpins are defined by a single entrance vertex, each vertex can correspond to at most one hairpin,28

and therefore the number of distinct hairpins can be at most |Vb|.29

Proof of Lemma 230

Recall from the computation of the auxiliary undirected multigraph GU and its depth-first spanning tree31

Tvsrc that every edge of GU must be either a tree edge or a back edge. Furthermore, every edge of GU32

derived from a black edge of Gb must be a tree edge. The following two corollaries are a direct consequence33

of this.34

1



Corollary A.1. For all {v1, v2} 2 EU such that v1 6= v2, either v1 � v2 or v2 � v1.35

Corollary A.2. For all v 2 Vb, there exists a root-leaf path in Tvsrc that contains v̄, v̂ and edge ēv = {v̄, v̂}.36

For a panbubble hs, ti in Gb, let U(s, t) denote the set of vertices in GU corresponding to the set U(s, t)37

in Gb. Formally, U(s, t) = {v̄|v 2 U(s, t)}. Similarly, we define B(s, t) = {v̄|v 2 B(s, t)}.38

Lemma A.2. For each panbubble hs, ti in Gb, the set of vertices in GU reachable from ŝ without passing39

through s̄ or t̄ equals U(s, t).40

Proof. Let X denote the set of vertices reachable from ŝ without passing through s̄ or t̄. We need to show41

that X = U(s, t). We first argue that U(s, t) ✓ X. Recall that for every v 2 U(s, t), v is reachable from s42

without passing through s or t (from the definition of U(s, t)). The corresponding walk in GU contains a43

subwalk from ŝ to v̄ that does not pass through s̄ or t̄. Therefore, v̄ 2 X.44

Next, we prove X ✓ U(s, t) by contradiction. Suppose that X 6✓ U(s, t). This implies the existence of a45

vertex in GU such that (i) this vertex is reachable from ŝ without passing through s̄ or t̄, and (ii) this vertex46

is not in U(s, t). In that case, there must exist at least one walk ! having vertex sequence (ŝ, v1, v2, . . . , vk)47

in GU with k � 1 such that s̄ and t̄ do not appear in !, and vk is the only vertex in ! that does not belong48

to U(s, t). It follows that vertices v1, v2, . . . , vk�1 are in B(s, t). Further note that vk 6= vsrc, because if49

vk = vsrc, then we would have a tip vertex in B(s, t), which contradicts the contiguity condition of hs, ti.50

Consider the case when vk 6= vsrc and k > 1. Since vk�1 2 B(s, t) and vk 6= vsrc, we must have51

vertices corresponding to vk�1 and vk in Gb. We must also have an edge in Gb between vk�1 and vk. Since52

vk�1 2 B(s, t) and vk /2 U(s, t), observe that the presence of an edge in Gb between a vertex in B(s, t) and53

a vertex in Vb \ U(s, t) contradicts the separable condition of hs, ti.54

The other case, i.e., vk 6= vsrc and k = 1, implies the presence of an edge in Gb between ŝ and a vertex55

in Vb \ U(s, t), again contradicting the separable condition of hs, ti.56

Corollary A.3. For each panbubble hs, ti in Gb, the set of vertices in GU reachable from ŝ without passing57

through s̄ or t̄ does not contain vsrc.58

Next, we analyze the properties of edges ēs and ēt in GU .59

Lemma A.3. For each panbubble hs, ti in Gb, either ēs � ēt or ēt � ēs in GU .60

Proof. Proof by contradiction. Suppose neither ēs � ēt nor ēt � ēs. Then there does not exist any root-leaf61

path in Tvsrc that contains both ēs and ēt. Suppose wlog that s̄ was marked as visited before t̄ during the62

depth-first traversal from vertex vsrc. By Corollary A.1 and A.2, we have either s̄ � ŝ or ŝ � s̄. We consider63

these two cases one by one.64

Case 1 (s̄ � ŝ): In our depth-first traversal, ŝmust have been visited immediately after s̄. Since t 2 U(s, t),65

there exists a walk (s̄, ŝ, . . . , t̄) in GU not passing through s̄ or t̄. This means vertex t̄ (and thus edge ēt)66

must lie within the sub-tree of ŝ in Tvsrc This contradicts our initial assumption that there is no root-leaf67

path in Tvsrc that contains both ēs and ēt.68

Case 2 (ŝ � s̄): In the depth-first traversal, s̄ must have been visited immediately after ŝ . Since t̄ is69

marked as visited after s̄ during the traversal, t̄ is certainly not an ancestor of ēs. As a result, there exists a70

path from ŝ to vsrc in GU without passing through s̄ or t̄. This contradicts our previous claim in Corollary71

A.3.72

Lemma A.4. For each panbubble hs, ti in Gb, ēs � ēt if and only if s̄ � ŝ � t̂ � t̄.73

Proof. [(] s̄ � ŝ � t̂ � t̄ directly implies ēs � ēt.74

[)] If ēs � ēt, then clearly s̄ � t̄, s̄ � t̂, ŝ � t̄, and ŝ � t̂. Next we will argue that s̄ � ŝ. Assume for75

contradiction that ŝ � s̄. In that case, there would exist a path from ŝ to vsrc without passing through s̄ or76

t̄, which contradicts our earlier claim in Corollary A.3. Next we prove t̂ � t̄ by contradiction. Suppose t̄ � t̂.77

Then s̄ � ŝ � t̄ � t̂ and there exists a path p = (s̄, ŝ, . . . , t̄) in GU which does not include t̂. Recall that the78
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vertices in a path are distinct by definition. Using Lemma A.2, every vertex on path p belongs to U(s, t).79

Tracing this path back to Gb, vertex t must connect to some vertex in B(s, t) aside from t̂. This contradicts80

the separable condition of panbubble hs, ti.81

Using a symmetric argument, we obtain the following:82

Corollary A.4. For each panbubble hs, ti in Gb, ēt � ēs if and only if t̄ � t̂ � ŝ � s̄.83

These lemmas are all that are required to prove Lemma 2.84

Lemma 2. For every panbubble hs, ti in Gb, either s̄ � ŝ � t̂ � t̄ or t̄ � t̂ � ŝ � s̄ in GU .85

Proof. For a panbubble hs, ti in Gb, we know either ēs � ēt or ēt � ēs in GU (Lemma A.3). From Lemma86

A.4, and Corollary A.4, we have that either s̄ � ŝ � t̂ � t̄ or t̄ � t̂ � ŝ � s̄ in GU .87

Proof of Lemma 388

Lemma A.5. Tree edges e1 and e2 are cycle equivalent in GU if and only if they have the same set of89

brackets.90

Proof. This property holds for all undirected graphs; see Theorem 5 in [13].91

Lemma A.6. For each panbubble hs, ti in Gb, edges ēs and ēt have the same bracket set in GU .92

Proof. Proof by contradiction. Assume that edges ēs and ēt have di↵erent bracket sets. Using Lemma A.3,93

either ēs � ēt or ēt � ēs. Suppose wlog that ēs � ēt. Accordingly, s̄ � ŝ � t̂ � t̄ (using Lemma A.4). Let Ds94

and Dt denote the set of all descendant vertices of edges ēs and ēt, respectively. Let As and At denote the95

set of all ancestor vertices of the edges ēs and ēt, respectively. For ēs and ēt to have an unequal bracket set,96

an edge must exist in GU such that either (a) one endpoint of the edge is in Ds \Dt and the other endpoint97

is in As, or (b) one end-point of the edge is in Dt and the other endpoint is in At \As.98

Suppose the edge satisfies Condition (a). By Corollary A.3, the endpoint of this edge in As cannot be vsrc.99

Now, observe that using this edge, we have a path between ŝ and s̄ in GU without using ēs or ēt. Mapping100

this path back to the corresponding sequence of edges in Gb contradicts the separable condition of hs, ti.101

Similarly, if the edge satisfies Condition (b), then there exists a path between ŝ and t̄ in GU without using102

ēs or ēt. Considering the corresponding sequence of edges in Gb again contradicts the separable condition103

of hs, ti.104

From these two lemmas, we can prove the following:105

Lemma 3. For every panbubble hs, ti in Gb, edges ēs and ēt are cycle-equivalent in GU .106

Proof. For a panbubble hs, ti in Gb, ēs and ēt have the same bracket set in GU (Lemma A.6) and hence are107

also cycle equivalent in GU (Lemma A.5).108

Proof of Lemma 4109

The following lemma can be proved by using the properties of a panbubble.110
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Lemma 4. Suppose hs, ti is a panbubble in Gb. Consider walks in Gb that do not pass through s or t. For111

every vertex u 2 U(s, t), there exist such walks from s to û and from u to t, or there exist such walks from s112

to u and from û to t.113

Proof. For convenience, let us call a walk special if it does not pass through s or t. Consider a vertex114

u 2 U(s, t). Since hs, ti is a panbubble, U(s, t) = U(t, s), which means u is reachable from s without passing115

through s or t, and u is reachable from t without passing through s or t. If u = s or u = t, the lemma holds116

trivially. Let us consider u 2 B(s, t). Since u 2 B(s, t) = B(t, s), there exist special walks from s to u or û,117

and there exist special walks from t to u or û. There are four possible combinations:118

(1) There exist special walks from s to u and from t to u.119

(2) There exist special walks from s to û and from t to û.120

(3) There exist special walks from s to u and from t to û.121

(4) There exist special walks from s to û and from t to u.122

At least one of the above must be true. If (3) or (4) holds, then the lemma follows directly. Next, we will123

prove that if (2) holds, then (3) or (4) must also hold.124

Assume for contradiction that (2) holds, while neither (3) nor (4) holds. This means there exist special125

walks from s to û and from t to û. Since (3) and (4) do not hold, there is no special walk from s to u or126

from t to u. From the contiguity condition of hs, ti, there exists a walk ! from s to t in which vertices u127

and û appear. One of the following two sub-cases must hold: Either (a) vertex u appears before the first128

occurrence of û in !, or (b) vertex u appears after the first occurrence of û in !.129

If case (2) and its sub-case (a) hold, then there also exists an alternative walk !
0 from s to t passing130

through u such that the sub-walk of !0 from the first vertex s to the first occurrence of û is a special walk.131

Since there is no special walk from u to t, the sub-walk of !0 from the first occurrence of u to the last132

vertex t must pass through s or t. Starting from u, the first such ordered pair encountered must be one133

of (s, ŝ), (ŝ, s), (t, t̂) or (t̂, t). If (s, ŝ) or (t, t̂) is encountered first, then we would contradict the separable134

condition of hs, ti. If (ŝ, s) is encountered first, then a special walk exists from s to u, contradicting our135

earlier assumption. Similarly, if (t̂, t) is encountered first, then a special walk exists from t to u, contradicting136

our earlier assumption.137

If case (2) and its sub-case (b) hold, then there also exists an alternative walk from s to t passing through138

u such that its sub-walk from the first occurrence of û to the last vertex t is a special walk. Since there is139

no special walk from u to s, the sub-walk between the first vertex s and the first occurrence of u must pass140

through s or t. One can repeat a similar argument as sub-case (a) to arrive at a contradiction. Thus, if case141

(2) holds, then case (3) or (4) must hold.142

The same argument can be easily extended to show that if (1) holds, then (3) or (4) must also hold.143

Proof of Lemma 5144

Lemma A.7. Consider a panbubble hs, ti in Gb such that ēs � ēt. For all u 2 U(s, t), there exists a root-leaf145

path containing s̄ and ū in Tvsrc .146

Proof. Assume for contradiction that there exists a vertex u 2 U(s, t) such that there is no root-leaf path147

containing ū and s̄. Since u 2 U(s, t), u is reachable from s without passing through s or t in Gb. Accordingly,148

in GU , there exists a walk with vertex sequence (s̄, ŝ, . . . , ū) that does not pass through s̄ or t̄. There also149

exists a path from ū to vsrc that includes neither s̄ nor t̄. This means vsrc is reachable from ŝ without passing150

through s̄ or t̄, contradicting our claim in Corollary A.3.151

Lemma A.8. Consider a panbubble hs, ti in Gb such that ēs � ēt. Let Ds and Dt denote the set of all152

descendant vertices of edges ēs and ēt, respectively. For all v 2 Vb, v̄ 2 Ds \Dt if and only if v 2 B(s, t).153

Proof. [)] Since ēs � ēt, we have s̄ � ŝ � t̂ � t̄ (Lemma A.4). If v̄ 2 Ds \ Dt, then there exists a path154

between ŝ and v̄ without passing through s̄ or t̄. Using Lemma A.2, it follows that v̄ 2 U(s, t). Therefore,155

v 2 U(s, t). Furthermore, v̄ cannot be s̄ or t̄ because s̄, t̄ /2 Ds \Dt. As a result, v 2 B(s, t).156
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[(] Assume for contradiction that v̄ /2 Ds \Dt. Since v 2 B(s, t), (i) there exists a walk ! with vertex157

sequence (s̄, ŝ, . . . , v̄) in GU which does not pass through s̄ or t̄, and (ii) there exists a root-leaf path in Tvsrc158

containing s̄ and v̄ (Lemma A.7). Since v̄ /2 Ds \Dt and v̄ is neither s̄ nor t̄, v̄ must be either an ancestor159

of s̄ or a descendant of t̄. Since walk ! from s̄ to v̄ does not pass through s̄ or t̄, the bracket sets of ēs and160

ēt must be unequal. This contradicts our claim in Lemma A.6.161

Corollary A.5. Consider a panbubble hs, ti in Gb such that ēs � ēt. For all u 2 B(s, t), s̄ � ū in GU .162

The above lemmas together form the basis for Lemma 5.163

Lemma 5. In a panbubble hs, ti in Gb, there does not exist any vertex v 2 B(s, t) \ {ŝ, t̂} such that, in GU ,164

(a) edge ēv has an empty bracket set or contains only a single back edge {v̄, v̂} and (b) neither ēs � ēv � ēt165

nor ēt � ēv � ēs.166

Proof. Proof by contradiction. Suppose there exists a vertex v 2 B(s, t) \ {ŝ, t̂} such that, in GU : (a) ēv has167

an empty bracket set or contains only a single back edge {v̄, v̂}, and (b) neither ēs � ēv � ēt nor ēt � ēv � ēs168

holds. We will show that the existence of such a vertex v implies the presence of a hairpin entrance vertex169

in B(s, t) \ {ŝ, t̂}, thereby violating the no-hairpin condition of hs, ti.170

Suppose wlog that v̄ � v̂. From Lemma A.3, either ēs � ēt or ēt � ēs. Assume wlog that ēs � ēt.171

Let Ds, Dv and Dt denote the set of all descendant vertices of edges ēs, ēv, and ēt respectively. Since172

v 2 B(s, t) \ {ŝ, t̂}, it follows that ēs � ēv and v̄ 2 Ds \ Dt (using Corollary A.5, Lemma A.7). Since173

ēs � ēv � ēt does not hold, edges ēv and ēt do not share a root-leaf path, which means Dv ✓ B(s, t)\{ŝ, t̂, v̄}174

(Lemma A.7).175

Since the bracket set of ēv is either empty or contains only a single back edge connecting {v̄, v̂}, removing176

all edges connecting v̄ and ¯̂v would disconnect the vertices in Dv from the rest of GU . The rest of GU177

includes s̄ and t̄. The same property should hold in Gb, that is, the removal of edges connecting v and v̂178

would disconnect the subgraph induced by vertex set {u|u 2 Vb, ū 2 Dv} from the rest of the graph (which179

includes s and t). For every vertex u in this vertex set, the contiguity condition of hs, ti ensures the existence180

of a walk from s to t passing through u. Thus, the vertex set {u|u 2 Vb, ū 2 Dv} equals Y (v) \ {v} and181

every vertex in Y (v) must appear in an inverted closed walk starting from v. As a result, there must exist a182

hairpin with entrance vertex v or with some other entrance vertex in Y (v). Since Y (v) ✓ (B(s, t) \ {ŝ, t̂}),183

the no-hairpin condition of hs, ti is violated.184

Proof of Theorem 1185

For a hairpin hsi in Gb, let Y (s) denote the set of vertices in GU corresponding to the set Y (s) in Gb.186

Formally, Y (s) = {v̄|v 2 Y (s)}.187

Lemma A.9. For each hairpin hsi in Gb, the set of vertices in GU reachable from ŝ without passing through188

s̄ equals Y (s).189

Proof. We follow the same proof technique used for Lemma A.2. Let X denote the set of vertices in GU190

that are reachable from ŝ without passing through s̄. We need to show that X = Y (s). We first argue191

that Y (s) ✓ X. Recall that for every v 2 Y (s), v is reachable from s without passing through s (from192

the definition of Y (s)). The corresponding walk in GU contains a subwalk from ŝ to v̄ that does not pass193

through s̄. Therefore, v̄ 2 X.194

Next, we prove X ✓ Y (s) by contradiction. Suppose that X 6✓ Y (s). This implies the existence of a195

vertex in GU such that (i) this vertex is reachable from ŝ without passing through s̄, and (ii) this vertex is196

not in Y (s). In that case, there must exist at least one walk ! having vertex sequence (ŝ, v1, v2, . . . , vk) in197

GU with k � 1 such that s̄ does not appear in !, and vk is the only vertex in ! that does not belong to Y (s).198

It follows that vertices v1, v2, . . . , vk are in Y (s) \ {s̄}. Further note that vk 6= vsrc, because if vk = vsrc,199

then we would have a tip vertex in Y (s) \ {s}. But such a tip vertex cannot appear in an inverted closed200

walk starting from s, contradicting that hsi is a hairpin.201
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Consider the case when vk 6= vsrc and k > 1. Since vk�1 2 Y (s) \ {s̄} and vk 6= vsrc, we must have202

vertices corresponding to vk�1 and vk in Gb. We must also have an edge in Gb between vk�1 and vk. Since203

vk�1 2 Y (s) \ {s̄} and vk /2 Y (s), observe that the presence of an edge in Gb between a vertex in Y (s) \ {s}204

and a vertex in Vb \ Y (s) contradicts the separable property of hairpin hsi.205

The other case, i.e., vk 6= vsrc and k = 1, implies the presence of an edge in Gb between ŝ and a vertex206

in Vb \ Y (s), again contradicting the separable property of hairpin hsi.207

Corollary A.6. For each hairpin hsi in Gb, the set of vertices in GU reachable from ŝ without passing208

through s̄ does not contain vsrc.209

Corollary A.6 further implies the following.210

Corollary A.7. For each hairpin hsi in Gb, s̄ � ŝ in GU .211

Lemma A.10. For each hairpin hsi in Gb, the bracket set of edge ēs in GU is either empty or contains only212

a single back edge {s̄, ŝ}.213

Proof. Proof by contradiction. Assume that the bracket set of edge ēs contains a back edge other than {s̄, ŝ}.214

From Corollary A.7, we have s̄ � ŝ in GU . Let Ds denote the set of all descendant vertices of edge ēs. Let215

As denote the set of all ancestor vertices of edge ēs. Based on our assumption on the bracket set of edge216

ēs, there must exist a back edge other than {s̄, ŝ} such that one endpoint of the edge is in Ds and the other217

endpoint of the edge is in As. By Corollary A.6, the endpoint of this edge in As cannot be vsrc. Now, observe218

that using this edge, we have a path between ŝ and s̄ in GU without using an edge connecting vertices ŝ and219

s̄. Mapping this path back to the corresponding sequence of edges in Gb contradicts the separable property220

of hairpin hsi.221

Lemma A.11. Consider a hairpin hsi in Gb. For all u 2 Y (s), there exists a root-leaf path containing s̄222

and ū in Tvsrc .223

Proof. Assume for contradiction that there exists a vertex u 2 Y (s) such that there is no root-leaf path224

containing ū and s̄. Since u 2 Y (s), u is reachable from s without passing through s in Gb. Accordingly, in225

GU , there exists a walk with vertex sequence (s̄, ŝ, . . . , ū) that does not pass through s̄. There also exists a226

path from ū to vsrc that does not include s̄. This means vsrc is reachable from ŝ without passing through s̄,227

contradicting our claim in Corollary A.6.228

Lemma A.12. Consider a hairpin hsi in Gb. Let Ds denote the set of all descendant vertices of edge ēs.229

For all v 2 Vb, v̄ 2 Ds if and only if v 2 Y (s) \ {s}.230

Proof. [)] From Corollary A.7, we know s̄ � ŝ in GU . If v̄ 2 Ds, then there exists a path between ŝ and v̄231

without passing through s̄. Using Lemma A.9, it follows that v̄ 2 Y (s). Therefore, v 2 Y (s). Furthermore,232

v̄ cannot be s̄ because s̄ /2 Ds. As a result, v 2 Y (s) \ {s}.233

[(] Assume for contradiction that there exists a vertex v 2 Y (s) \ {s} such that v̄ /2 Ds. Since v 2234

Y (s) \ {s}, (i) there exists a walk ! with vertex sequence (s̄, ŝ, . . . , v̄) in GU which does not pass through s̄,235

and (ii) there exists a root-leaf path in Tvsrc containing s̄ and v̄ (Lemma A.11). Since v̄ /2 Ds and v̄ 6= s̄, v̄236

must be an ancestor of s̄. Since walk ! from s̄ to its ancestor vertex v̄ does not pass through s̄, the bracket237

set of edge ēs must contain a back edge other than {s̄, ŝ}. This contradicts our claim in Lemma A.10.238

Corollary A.8. Consider a hairpin hsi in Gb. For all u 2 Y (s) \ {s}, s̄ � ū in GU .239

With this, we have all the pieces required to prove Theorem 1.240
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Theorem 1 A vertex pair s, t 2 Vb satisfies all the panbubble conditions (excluding minimality) if and only241

if all the following conditions hold:242

P1. Either s̄ � ŝ � t̂ � t̄ or t̄ � t̂ � ŝ � s̄ in GU ,243

P2. Edges ēs and ēt are cycle equivalent in GU ,244

P3. Consider walks in Gb that do not pass through s or t. For all vertices u 2 U(s, t) [ U(t, s), there exist245

such walks from s to û and from u to t, or there exist such walks from s to u and from û to t.246

P4. There is no vertex v 2 B(s, t)\{ŝ, t̂} such that, in GU , (a) edge ēv has an empty bracket set or contains247

only a single back edge {v̄, v̂} and (b) neither ēs � ēv � ēt nor ēt � ēv � ēs.248

Proof. [)] If hs, ti is a panbubble in Gb, then conditions P1-P4 are directly ensured by Lemma 2, Lemma249

3, Lemma 4, and Lemma 5 respectively.250

[(] For convenience, let us call a walk special if it does not pass through s or t. From the first condition251

P1, assume wlog that s̄ � ŝ � t̂ � t̄ in GU . Observe that if every vertex u 2 B(s, t) [ B(t, s) satisfies252

condition P3, then there exist special walks from s to t passing through u, and there exist special walks from253

t to s passing through u. Therefore, both the contiguity and matching conditions are satisfied. This also254

means B(s, t) = B(t, s).255

Next, we prove that the vertex pair s, t satisfies the separable condition. Assume for contradiction that256

there exist vertices vin 2 B(s, t) and vout 2 Vb \ B(s, t) that remain connected after removing es and et. If257

vin and vout are connected by a black edge, then both vertices would lie entirely within B(s, t) or entirely258

outside it. Therefore, vin and vout must be connected by a gray edge.259

From condition P3, suppose wlog that there exist special walks from s to v̂in and from vin to t. Vertex260

vout must be either s or t; if not, there would exist special walks from t to v̂out passing through vin and vout,261

which would imply vout 2 B(s, t). Therefore, vout 2 {s, t}. Now observe that (i) there exist walks starting262

from vertex s̄ and edge ēs to v̄in in GU without passing through t̄, and (ii) there exist walks starting from263

vertex t̄ and edge ēt to v̄in in GU without passing through s̄. An edge from v̄in to either s̄ or t̄ would break264

the cycle-equivalence of edges ēs and ēt, violating condition P2.265

So far, we have established that the vertex pair s, t satisfies the matching, contiguity, and the separable266

condition. Finally, we show that the vertex pair s, t satisfies the no-hairpin condition. Assume, for con-267

tradiction, that there exists a vertex v 2 B(s, t) \ {ŝ, t̂} that serves as an entrance vertex of a hairpin. By268

Corollary A.7, it follows that v̄ � v̂ in GU . From Lemma A.10, the bracket set of edge ēv is either empty269

or only contains the single back edge {v̄, v̂}. Since our proof of Lemma A.8 depends solely on the matching,270

contiguity, and separable conditions, we have v̄ 2 Ds \Dt, where Ds and Dt denote the set of all descendant271

vertices of edges ēs and ēs, respectively. This observation, along with condition P4, implies that the ordering272

ēs � ēv � ēt must hold. This means t̄ 2 Dv, where Dv is the set of all descendant vertices of edge ēv, and273

hence t 2 Y (v) \ {v} (by Lemma A.12). It follows that t appears in some inverted closed walk in Gb starting274

from v while s does not. Therefore, there exists a cycle in GU containing ēt but not ēs, which contradicts275

the cycle-equivalence of edges ēs and ēt (condition P2).276

Proof of Theorem 2277

Lemma A.13. In a hairpin hsi in Gb, there does not exist any vertex v 2 Y (s)\{s, ŝ} such that the bracket278

set of edge ēv in GU is either empty or contains only a single back edge {v̄, v̂}.279

Proof. Proof by contradiction. Suppose there exists a vertex v 2 Y (s) \ {s, ŝ} such that the bracket set of ēv280

in GU is either empty or contains only a single back edge {v̄, v̂}. Suppose wlog that v̄ � v̂. From Corollary281

A.7, we have s̄ � ŝ. From Corollary A.8, we have s̄ � v̄. Therefore, s̄ � ŝ � v̄ � v̂. Let Dv denote the set282

of all descendant vertices of edges ēv. From Lemma A.12, Dv ⇢ Y (s). Now, from the definition of hairpin,283

each vertex u 2 Vb such that ū 2 Dv must appear in an inverted closed walk in Gb starting from s. Since284

the bracket set of ēv in GU is either empty or or contains only a single back edge {v̄, v̂}, such an inverted285

closed walk must include another nested inverted closed walk inside it that starts from v and contains u.286

This implies each vertex in Y (v) appears in an inverted closed walk starting from v. Furthermore, removing287

all edges between vertices v and v̂ would disconnect Y (v)\{v} from the remaining graph. This means vertex288
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v also satisfies the hairpin conditions. But then hsi cannot be a hairpin by the hairpin definition. We arrive289

at a contradiction.290

Lemma A.14. Suppose hsi is a hairpin in Gb. Consider walks in Gb that do not pass through s. For every291

vertex u 2 Y (s), there exist such walks from s to u and from s to û.292

Proof. We follow the same proof technique used for Lemma 4. Because ŝ 2 Y (s) appears on an inverted293

closed walk starting from s, the claim holds trivially for u = s. Therefore, consider a vertex u 2 Y (s) \ {s}.294

For convenience, let us call a walk special if it does not pass through s. Since vertex u belongs to set295

Y (s) \ {s}, u is reachable from s without passing through s. Accordingly, there exist special walks from s to296

u or û. If there exist special walks from s to both u and û, then the lemma follows. The other possibility is297

that there exist special walks from s to u but not to û (or vice-versa). We will argue that this is not possible.298

Assume for contradiction that special walks from s to u exist, but no special walk from s to û exists.299

Since hsi is a hairpin and vertex u 2 Y (s) \ {s}, u lies on an inverted closed walk ! starting from s. We300

consider two cases depending on whether û or u appears first in !.301

Case 1 (û appears before the first occurrence of u in !): Because a special walk from s to u exists, there302

also exists an alternative inverted closed walk !
0 from s containing u in which the sub-walk from the first303

vertex s to the first occurrence of u is special. Since there is no special walk from û to s, the sub-walk of304

!
0 from the first occurrence of û to the last vertex s must pass through s. Starting from û, the first such305

ordered pair encountered must be one of (s, ŝ) or (ŝ, s). If it is (s, ŝ), then we would contradict the separable306

property (Condition (ii)) of hairpin hsi. If it is (ŝ, s), then we have a special walk from û to s, contradicting307

our earlier assumption.308

Case 2 (û appears after the first occurrence of u in !). Because a special walk from s to u exists, there309

also exists an alternative inverted closed walk from s containing u in which the sub-walk from the first310

occurrence of u to the last vertex s is special. Since there is no special walk between û and s, the sub-walk311

of !0 between the first vertex s and the first occurrence of û must pass through s. A similar line of reasoning312

to that in Case 1 results in a contradiction.313

We now have all the lemmas necessary to prove Theorem 2.314

Theorem 2 A vertex s is an entrance vertex of a hairpin in Gb if and only if all the following hold:315

H1. The bracket set of edge ēs in GU is either empty or contains a single back edge connecting s̄ and ¯̂s.316

H2. There does not exist any vertex v 2 Vb \ {ŝ} which satisfies the above condition while also satisfying317

s̄ � v̄ in GU .318

H3. Consider walks in Gb that do not pass through s. For all vertices u 2 Y (s), there exist such walks from319

s to u and from s to û.320

Proof. [)] If vertex s 2 Vb is an entrance vertex of a hairpin in Gb, then all conditions H1, H2, and H3321

directly hold due to Lemma A.10, Lemmas A.12-A.13, and Lemma A.14, respectively.322

[(] For convenience, let us call a walk special if it does not pass through s. By condition H3, there exist323

special walks from s to s in which vertex u appears for all u 2 Y (s). In other words, 8u 2 Y (s), u belongs324

to an inverted closed walk starting from s. Hence, the first condition in the hairpin definition is satisfied.325

Next, we will argue that the second condition holds.326

Assume for contradiction that there exist vertices vin 2 Y (s) \ {s} and vout 2 Vb \ (Y (s) \ {s}) which327

remain connected after removing all the edges between s and ŝ. If vin and vout are connected by a black328

edge, then both vertices would entirely belong to one partition, either within Y (s) \ {s} or its complement.329

Therefore, vin and vout must be connected by a gray edge.330

Using condition H3, there exist special walks from s to v̂in and from vin to s. Vertex vout must be equal331

to s; if not, there would exist special walks from t to v̂out passing through vin and vout, which would imply332

that vout 2 Y (s) \ {s}. Therefore, vout = s. Furthermore, vin cannot be ŝ because vertices vin and vout = s333

are assumed to remain connected after removing all edges between s and ŝ. Now observe that there exist334

walks starting from vertex s̄ and edge ēs to v̄in in GU without passing through s̄. An edge between v̄in and335
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v̄out = s̄ implies that vertex s̄ is part of a cycle in GU that includes vertex v̄in. However, this is not possible336

because condition H1 ensures that the bracket set of edge ēs in GU is either empty or contains only a single337

back edge {s̄, ¯̂s}.338

So far, we have established that vertex s satisfies the first two conditions of the hairpin definition. To339

complete the proof, we need to argue that no vertex in Y (s) other than s satisfies the first two conditions340

from the hairpin definition. Assume, for contradiction, that there exists a vertex v 2 Y (s)\{s} that satisfies341

the conditions. Because our proofs of Corollary A.8 and Lemma A.10 relied only on the first two conditions342

from the hairpin definition, we conclude that s̄ � v̄ in GU , and the bracket set of edge ēv is either empty or343

contains only a single back edge {v̄, v̂}. But this contradicts condition H2. Hence, hsi is a hairpin.344

Proof of Theorem 3345

Lemma A.15. Any vertex can be the entrance of at most one panbubble.346

Proof. Proof by contradiction. Suppose there exist two distinct panbubbles hs, t1i, hs, t2i, t1 6= t2. If347

t2 2 U(s, t1), then t2 is also in B(s, t1). However, this contradicts the minimality condition for hs, t1i.348

Similarly, t1 being a vertex in U(s, t2) also results in a contradiction.349

Now suppose that t2 /2 U(s, t1). Since hs, t2i is a panbubble, t2 is reachable from s using some walk that350

does not pass through s or t2 (from the definition of U(s, t2)). This means there exists a walk ! between s351

and t2 in which both s and t2 appear only once. Because t2 appears in !, it would be correct to state that352

not all vertices in walk ! belong to U(s, t1). Consider the ordered list of the vertices in walk ! starting from353

vertex s. Suppose v is be first vertex in ! that is not in U(s, t1). The vertex just before v must be either s354

or t1. Since s does not appear twice in !, this vertex must be t1. But the appearance of t1 in ! implies that355

t1 is in U(s, t2), which violates the first half of the argument.356

Theorem 3 Let hx, yi and hm,ni be two di↵erent panbubbles such that B(x, y)\B(m,n) 6= �, then either357

B(x, y) is a strict subset of B(m,n) or B(m,n) is a strict subset of B(x, y).358

Proof. Since hx, yi and hm,ni be two di↵erent panbubbles, x 6= y 6= m 6= n (using Lemma A.15). Suppose359

wlog that ēx � ēy and ēm � ēn (and hence by Lemma A.4, we have x̄ � x̂ � ŷ � ȳ and m̄ � m̂ � n̂ � n̄360

respectively). Consider any vertex v in B(x, y) \ B(m,n). From Corollary A.5, it follows that x̄ � v̄ and361

m̄ � v̄. Therefore, x̄ and m̄ share a root-leaf path, which means either x̄ � m̄ or m̄ � x̄. Let us consider362

these two cases separately.363

Case 1 (x̄ � m̄): In this case, we will prove that B(m,n) ⇢ B(x, y). Assume for contradiction that364

B(m,n) 6⇢ B(x, y). Since x̄ � m̄, we have x̄ � x̂ � m̄ � m̂ and ēx � ēm. Let us use Dx, Dy, and Dm to365

denote the set of all descendant vertices of edges ēx, ēy, and ēm, respectively. Clearly, ȳ, ŷ 2 Dx. Let us366

consider the di↵erent positions possible for vertex ȳ relative to tree edge ēm in Tvsrc . Either (i) x̄ � ȳ � m̄,367

(ii) ȳ and m̄ do not share any root-leaf path, or (iii) m̄ � ȳ (Figure S1A). Condition (i) cannot hold because368

ēx � ēy � ēm implies B(x, y) \ B(m,n) = � (Lemma A.8). If (ii) holds, then all vertices in set B(m,n)369

belong to Dx \Dy = B(x, y) (Lemma A.8) and we are done. Henceforth, we will assume that (iii) holds. If370

m̄ � ȳ = m̂, then again B(x, y) \B(m,n) = � (Lemma A.8). Therefore, ēx � ēm � ēy.371

Let us also consider the possibilities of the position of vertex n̄ relative to tree edge ēy in Tvsrc . Either372

(a) m̄ � n̄ � ȳ, (b) n̄ and ȳ do not share any root-leaf path, or (c) ȳ � n̄ (Figure S1B). If (a) holds, then all373

vertices in set B(m,n) belong to Dx \Dy = B(x, y) (Lemma A.8) and we are done. Next, we will argue that374

(b) cannot hold. Assume for contradiction that (b) holds. All vertices in Dy belong to Dm \Dn = B(m,n)375

(Lemma A.8). Observe that ēy must have an empty bracket set. This is because ēx and ēy have identical376

bracket sets (Lemma A.6), and having an edge between a descendant of ēy to an ancestor of ēx would377

contradict the separable condition of hm,ni. Now, the contiguity condition of hm,ni suggests that for all378

vertices v 2 Vb such that v̄ 2 Dy, there exists a walk in Gb from m to n passing through v. Since ēy has an379

empty bracket set in GU , this is only possible if there exists a hairpin entrance vertex at u 2 Vb such that380

ū 2 Dy. However, this would contradict the no-hairpin condition of hm,ni.381
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A

B

C

Figure S1: Illustration of the case when x̄ � m̄. (A) Depicts the three possible positions of vertex ȳ

relative to tree edges ēx and ēm. (B) Shows the three possible positions of vertex n̄ relative to tree edges
ēm and ēy. (C) Presents the configuration satisfying ēx � ēm � ēy � ēn.
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Henceforth, we assume that (c) holds. As a result, ēx � ēm � ēy � ēn (Figure S1C). In the remaining382

part of this proof, we will argue that ēx � ēm � ēy � ēn is also not possible by contradiction. We will show383

that hm, yi is a panbubble if ēx � ēm � ēy � ēn, which would then contradict the minimality condition of384

hx, yi and hm,ni.385

Note that ēx and ēy have identical bracket sets (Lemma A.6). Similarly, ēm and ēn have identical bracket386

sets. Since ēx � ēm � ēy � ēn, it follows that ēx, ēm, ēy, and ēn have identical bracket sets. Therefore, m̄ or387

ȳ must appear in a walk from a vertex in Dm \Dy to a vertex not in Dm \Dy. In the following, we show388

that the vertex pair (m, y) in Gb satisfies all the panbubble conditions.389

• matching: Assume for contradiction that U(m, y) 6= U(y,m). Suppose wlog that U(m, y)\U(y,m) 6= �.390

Choose any vertex v from U(m, y)\U(y,m). Note that v is reachable from m without passing through391

m or y. However, v is not reachable from y without passing through m or y. Since y, ŷ 2 U(y,m), v392

is neither y nor ŷ.393

If v is reachable from m without passing through m or y in Gb, then v̄ appears in some walk of type394

(m̄, m̂, . . .) in GU which does not pass through m̄ or ȳ. Since ēm � ēy, and ēm, ēy have identical bracket395

sets, it follows that v̄ 2 Dm [ {m̄} \Dy.396

From the above arguments, note that v also belongs to B(m,n) (Lemma A.8). If ēm, ēy have identical397

bracket sets in GU , then, in Gb, v is reachable from n without passing through m or n if only if v398

is reachable from y without passing through m or y. Since v /2 U(y,m), v is not reachable from n399

without passing through m or n. This contradicts the matching condition of hm,ni.400

• separable: From the above arguments, it is clear that every vertex in B(m, y) belongs to the setDm\Dy.401

To prove separability, it su�ces to show that Dm \Dy = B(m, y). Assume for contradiction that there402

exists v 2 Vb such that v̄ 2 Dm \Dy and v is not reachable from m without passing through m or y.403

Since v̄ 2 Dm \Dy, v belongs to B(x, y). Thus, v is reachable from x without passing through x or y.404

In other words, there exists a walk from x to v or v̂ without passing through x or y. Since ēx, ēm and405

ēy have identical bracket sets in GU , this walk must pass through m followed by m̂ in Gb. This makes406

v reachable from m without passing through m or y, leading to a contradiction.407

• contiguity: The above arguments also imply that U(m, y) ⇢ U(x, y). Now since ēx, ēm and ēy have408

identical bracket sets, all walks of type (x̄, x̂, . . . ŷ, ȳ) in GU must include m̄ immediately followed by409

m̂. In each of these walks, observe that the vertices that are in Dm \Dy must appear after the first410

appearance of m̄. Recall that the contiguity condition of hx, yi guarantees a walk in Gb from x to y411

passing through v for all v in U(x, y) (and hence for all v in U(m, y)). It further guarantees a walk412

from m to y passing through v for all v 2 U(m, y).413

• no-hairpin: Since U(m, y) ⇢ U(x, y), the presence of a hairpin at any vertex v in B(m, y) \ {m̂, ŷ}414

would violate the no-hairpin condition of hx, yi.415

• minimality: If there is any vertex v 2 U(m, y) other than y which pairs with m and satisfies the416

above criteria, it would contradict the minimality condition of hm,ni. Similarly, if there is any vertex417

v 2 U(m, y) other than m which pairs with y and satisfies the above criteria, it would contradict the418

minimality condition of hx, yi.419

Therefore, hm, yi is a panbubble. But this contradicts the minimality condition of hx, yi and hm,ni.420

Case 2 (m̄ � x̄): By a symmetric argument, we obtain B(x, y) ⇢ B(m,n).421

Proof of Theorem 4 and Theorem 5422

The following holds due to the separable condition in our panbubble definition.423

Lemma A.16. Suppose hs, ti is a panbubble in biedged graph Gb. There is no gray edge in Gb that connects424

vertices s and ŝ, and there is no gray edge in Gb that connects vertices t and t̂.425

Theorem 4 Let hx, yi and hzi be a panbubble and a hairpin respectively in Gb such that B(x, y) \ (Y (z) \426

{z}) 6= �, then B(x, y) is a strict subset of Y (z) \ {z}.427
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Proof. Suppose wlog that ēx � ēy in GU . Therefore, x̄ � x̂ � ŷ � ȳ (Lemma A.4). From Corollary A.7, we428

also have z̄ � ẑ. Let us use Dx, Dy, and Dz to denote the sets of all descendant vertices of edges ēx, ēy, and429

ēz, respectively. From Lemma A.8 and Lemma A.12, Dx \Dy = B(x, y) and Dz = Y (z) \ {z̄}.430

We consider all possible positions of edge ēz relative to edges ēx and ēy: (i) ēx and ēz do not share a431

root-leaf path, (ii) ēz � ēx, (iii) ēz = ēx, (iv) ēx � ēz � ēy, (v) ēx � ēz with ēx and ēy not sharing a root-leaf432

path, (vi) ēz = ēy, and (vii) ēx � ēy � ēz. Below, we will argue that all the cases except (ii) are not possible.433

Since panbubble hx, yi and hairpin hzi share one or more vertices (i.e., B(x, y) \ (Y (z) \ {z}) 6= �), it is434

easy to observe that cases (i), (vi), and (vii) are not possible. Next, we consider case (iii). Using Lemma435

A.16 and Lemma A.10, we conclude that edge ēx has an empty bracket set. This means ēy also has an empty436

bracket set (Lemma A.6). But this contradicts our earlier claim that the interior of a hairpin cannot contain437

an edge with an empty bracket set (Lemma A.13). Lastly, cases (iv) and (v) are not possible because they438

contradict the no-hairpin condition of hx, yi.439

We are only left with case (ii), in which ēz � ēx � ēy. In this case, observe that Dx \Dy = B(x, y) is a440

strict subset of Dz = Y (z) \ {z̄}. Hence, the claim follows.441

Theorem 5 Let hmi and hni be two distinct hairpins in Gb. Then, the two hairpins do not share any442

vertex, i.e., (Y (m) \ {m}) \ (Y (n) \ {n}) is an empty set.443

Proof. From Corollary A.7, we have m̄ � m̂ and n̄ � n̂ in GU . Since hmi 6= hni, m 6= n and em 6= en. Either444

ēm and ēn share a root leaf path or they do not. In the first case, it is clear that (Y (m)\{m̄})\ (Y (n)\{n̄})445

is an empty set (Lemma A.12) and we are done.446

Now consider the second case where ēm and ēn share a root leaf path. We argue that this case is447

not possible. Suppose wlog that ēm � ēn. From Lemma A.10, bracket set of edge ēn is either empty or448

contains only a single back edge {n̄, n̂}. Using Lemma A.9, we know that n̄ 2 Y (m) \ {m̄, m̂}. However,449

this contradicts our earlier claim that such a vertex cannot be present in the interior of a hairpin (Lemma450

A.13).451

B Algorithms to detect panbubbles and hairpins: full exposition452

Proof of Theorem 6453

Theorem 6 Given a compact biedged graph G(Vb, Eb), the entrance vertices of all panbubbles and hairpins454

can be enumerated exactly in O(|Vb|
2(|Vb|+ |Eb|)) time. Moreover, the corresponding heuristic algorithm for455

the same task uses O(|Vb|(|Vb|+ |Eb|)) time.456

Proof. Let us first analyze the exact algorithm for panbubble detection. Clearly, the initial steps of computing457

GU , Tvsrc , Ad, Af , Abridge, and the cycle-equivalent classes C1, C2, . . . , Ck require O(|Vb| + |Eb|) time. Let458

bi denote the count of edges in cycle-equivalent class Ci whose corresponding edge in Gb is black. For any459

vertex pair (s, t), where s, t 2 Vb, the computation of arrays Ws,Wt can be done in O(|Vb| + |Eb|) time.460

By using these two arrays and our precomputed arrays Ad, Af , and Abridge, all the checks mentioned in461

Section 4.1 can be made in O(1) time for every v 2 Vb. Therefore, the total worst-case runtime to process all462

cycle-equivalent classes comes out to be O(
Pk

i=1 b
2
i (|Vb|+ |Eb|)) time. Now recall that for every vertex in Gb463

there is exactly one black edge. Therefore,
Pk

i=1 bi is bounded by |Vb|, which further implies that
Pk

i=1 b
2
i464

is bounded by |Vb|
2. Accordingly, the runtime complexity of detecting all panbubbles can be expressed as465

O(|Vb|
2(|Vb|+|Eb|)). Using a similar argument, it follows that the worst-case time complexity of the heuristic466

algorithm for detecting panbubbles is O(|Vb|(|Vb|+ |Eb|)).467

Next, we analyze the runtime of the exact algorithm for detecting hairpins. The computation of array468

W to verify a hairpin entrance vertex can be done in O(|Vb| + |Eb|) time. Using array W and the other469

precomputed arrays, all the checks mentioned in Section 4.2 can be made in O(1) time for every v 2 Vb.470

Therefore, the worst-case time complexity of detecting all hairpins is O(|Vb|(|Vb|+ |Eb|)).471

Note that both our exact and heuristic implementations compute hairpins exactly; they di↵er only in the472

algorithm used for computing panbubbles.473
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C Supplementary figures474

Figure S2: In the above bidirected graph†, bubble B1 is both a snarl [24] and a flubble [22] by definition.
B1 includes vertex v that does not lie on the walk from source vertex s to sink vertex t.

Figure S3: Bubbles B2 and B3 in the above bidirected graph are valid snarls [24], bibubbles [20], and
flubbles [22] by definition. Bubbles B2 and B3 overlap, i.e, the two subgraphs share vertices. VG includes
a post-processing step to remove a subset of snarls from the final output, preventing such overlaps [24].

†In a bidirected graph, each vertex has two sides, and a valid walk must enter a vertex on one side and exit through the
opposite side. Readers seeking a formal introduction to bidirected graphs are referred to [25].
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Figure S4: An example adversarial case: Panbubble hs, ti contains an edge ev such that ēv, ēs, and ēt are
cycle equivalent in GU .

XCL1 XCL2

SFTPA1

SFTPA2

A) B)

Figure S5: Bandage visualization of two subgraphs that are not marked as snarls by VG in graph G4.
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D Supplementary tables475

Tool Version Commands

Billi (exact) v1.0 billi decompose -i <INPUT GFA FILE> -e >
<OUTPUT FILE PATH>

Billi (heuristic) v1.0 billi decompose -i <INPUT GFA FILE> >
<OUTPUT FILE PATH>

VG v1.61.0 (For graphs G1�G7)
vg convert -g <INPUT GFA FILE> > FILE.vg
vg index -x FILE.xg FILE.vg
vg snarls -t 48 FILE.xg > <OUTPUT FILE PATH>

(For graph G8)
vg snarls -t 48 <INPUT GFA FILE> > <OUTPUT FILE PATH>

Pangene commit:fc3366a k8 pangene.js call <INPUT GFA FILE> >
<OUTPUT FILE PATH>

Table S1: Commands used to evaluate the tools. For VG, only the vg snarls command was timed. We
used a di↵erent command to run VG on graph G8 as suggested by VG developers‡.

Graph
Panbubble Hairpin

Min Median Max Min Median Max

G1 6 6 28 � � �

G2 4 6 496 � � �

G3 4 4 60 3 3 3
G4 2 4 58 1 1 3
G5 4 6 282,690 � � �

G6 4 6 163,132 3 3 11
G7 4 6 1,436,456 747 747 747
G8 4 6 2,293,044 3 11 2,259

Table S2: Size statistics for all panbubbles and hairpins identified by Billi in pangenome graphs G1–G8. For
each panbubble hs, ti, we report its size as the number of vertices in its subgraph (i.e., |B(s, t)|). Likewise,
the size of every hairpin hmi is given by the number of vertices in its corresponding subgraph excluding the
entrance vertex (i.e., |Y (m) \ {m}|). Symbol ‘–’ under the hairpin column denotes that no hairpins were
found in that graph.

‡https://github.com/vgteam/vg/issues/4750
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